
C
h
a
p
te

r
1

P
a
irs

o
f
R

a
n
d
o
m

V
a
ria

b
le

s

1
.1

J
o
in

t
P

ro
b
a
b
ility

D
e
n
sity

F
u
n
ctio

n
.

S
ta

tisti-
ca

l
M

o
m

e
n
ts

A
s

w
ith

th
e

d
efi

n
ition

of
a

p
air

of
even

ts,
on

e
m

ay
d
efi

n
e

a
p
air

of
ran

d
om

variab
les.

A
n

ou
p
u
t
of

a
p
air

of
ran

d
om

variab
les

is
an

array
of

tw
o

n
u
m

b
ers.

T
h
e

tw
o

ran
d
om

variab
les

th
at

form
th

e
p
air

can
b
e

stu
d
ied

sep
arately

or
togeth

er.
In

d
iv

id
u
al

stu
d
y

of
ran

d
om

variab
les

form
in

g
th

e
p
air

m
ay

b
e

su
ffi

cien
t

to
fu

lly
ch

aracterize
th

e
en

sem
b
le

if
an

d
on

ly
if

th
e

tw
o

variab
les

are
in

d
ep

en
d
en

t.
If

th
e

tw
o

variab
les

are
n
ot

in
d
ep

en
d
en

t
th

en
th

e
p
air

is
n
ot

fu
lly

ch
aracterized

b
y

th
e

d
escrip

tion
in

d
iv

id
u
al

statistics.
F
or

a
con

cise
p
resen

tation
,
let

u
s

con
sid

er
th

e
p
air

of
ran

d
om

variab
les

(ξ,η
).

It
is

d
escrib

ed
b
y

•
J
oin

t
C

u
m

u
lative

D
en

sity
F
u
n
ction

:

F
ξ
η (x

,y
)

=
P

((ξ≤
x
),(η≤

y
))

(1.1)

T
h
e

tw
o

even
ts

d
iscu

ssed
,
(ξ≤

x
)

an
d

(
eta≤

y
),

o
ccu

rr
sim

u
ltan

eou
sly.

T
h
e

p
rop

erties
of

C
D

F
are:

–
B

ou
n
d
ary

valu
es:

F
ξ
η (−∞

,−∞
)

=
0

(1.2)

F
ξ
η (+∞

,+∞
)

=
1

(1.3)

–
T

h
e

m
argin

al
C

D
F

are
:

F
ξ (x

)
=

P
(ξ≤

x
)

=
P

((ξ≤
x
),(η≤

+∞
))

=
F

ξ
η (x

,+∞
)

(1.4)

F
η (y

)
=

P
(η≤

y
)

=
F

ξ
η (+∞

,y
)

(1.5)

–
T

h
e

p
rob

ab
ility

for
th

e
ran

d
om

variab
le(R

V
)

to
b
e

a
rectan

gu
lar

d
om

ain
(D

1
=

(x
1 ,x

2 ]×
(y

1 ,y
2 ])

is:

P
((ξ∈

[x
1 ,x

2 ]),(η∈
[y

1 ,y
2 ]))

=

=
F

ξ
η (x

2 ,y
2 )

+
F

ξ
η (x

1 ,y
1 )−

F
ξ
η (x

1 ,y
2 )−

F
ξ
η (x

2 ,y
1 )

(1.6)
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1.1.
J
oin

t
P

rob
ab

ility
D

en
sity

F
u
n
ction

.
S
tatistical

M
om

en
ts

•
T

h
e

J
oin

t
P

rob
ab

ility
D

en
sity

F
u
n
ction

is:

w
ξ
η (x

,y
)

=
d

2F
ξ
η (x

,y
)

d
x
d
y

(1.7)

M
ain

p
rop

erties:

–
N

orm
alization

con
d
ition

:∞∫−∞

∞∫−∞

w
ξ
η (x

,y
)d

x
d
y

=
1

(1.8)

–
M

argin
al

P
D

F
:

∞∫−∞

w
ξ
η (x

,y
)d

y
=

w
ξ (x

)
(1.9)

∞∫−∞

w
ξ
η (x

,y
)d

x
=

w
η (y

)
(1.10)

–
T

h
e

p
rob

ab
ility

for
th

e
R
V

to
b
e

in
a

rectan
gu

lar
d
om

ain
D

1
=

(x
1 ,x

2 ]×
(y

1 ,y
2 ]

is:

P
((ξ∈

(x
1 ,x

2 ]),(η∈
(y

1 ,y
2 ]))

= ∫
x
2

x
1 ∫

y
2

y
1

w
ξ
η (x

,y
)d

x
d
y

(1.11)

T
h
i
relation

m
ay

b
e

d
evelop

ed
for

an
y

ty
p
e

of
p
lan

ar
d
om

ain
D

1 :

P
((ξ,η

)∈
D

1 )))
= ∫∫

D
1 w

ξ
η (x

,y
)d

x
d
y

(1.12)

T
w

o
ran

d
om

variab
les

are
in

d
ep

en
d
en

t
if

th
e

p
ro

d
u
ct

of
th

e
m

argin
al

P
D

F
s

eq
u
als

of
th

e
join

t
P

D
F
:

(ξ,η
)−

in
d
ep

en
d
en

t
⇐⇒

w
ξ
η (x

,y
)d

x
=

w
ξ (x

)·w
η (y

),∀
x
,y

(1.13)

T
h
is

relation
sh

ip
is

an
ex

ten
sion

of
th

e
in

d
ep

en
d
en

ce
of

even
ts:

’tw
o

even
ts

are
in

d
ep

en
d
en

t
if

th
e

p
rob

ab
ility

of
h
ap

p
en

in
g

sim
u
ltan

eou
sly

is
eq

u
al

to
th

e
p
ro

d
u
ct

of
in

d
iv

id
u
al

p
rob

ab
ilities’.

E
x
ten

d
in

g
th

e
relation

sh
ip

is
im

m
ed

iate
if

it
is

en
v
isaged

th
e

sign
ifi

can
ce

of
th

e
R
V

d
en

sity.
In

d
ep

en
d
en

ce
of

tw
o

ran
d
om

variab
les

is
th

e
on

ly
case

w
h
en

th
e

d
ed

u
ction

2n
d

ord
er

statistics
from

statistical
m

easu
rem

en
ts

of
ord

er
1

is
d
oab

le.

•
S
econ

d
ord

er
statistical

m
om

en
ts

:

–
T

h
e

raw
m

om
en

t
of

ord
er

p,q
is:

m
(p

,q
)

ξ
η

=

∞∫−∞

∞∫−∞

x
py

qw
ξ
η (x

,y
)d

x
d
y

(1.14)

2



1.1.
J
oin

t
P

rob
ab

ility
D

en
sity

F
u
n
ction

.
S
tatistical

M
om

en
ts

–
T

h
e

m
om

en
t

w
ith

resp
ect

to
th

e
m

ean
of

ord
er

p,q
is

:

M
(p

,q
)

ξ
η

=

∞∫−∞

∞∫−∞

(x−
ξ)

p(y−
η
)
qw

ξ
η (x

,y
)d

x
d
y

(1.15)

W
id

ely
u
sed

are:

–
C

orrelation
-

th
e

raw
m

om
en

t
of

ord
er

(1,1):

R
ξ
η

=
m

(1
,1

)
ξ
η

=
ξη

=

∞∫−∞

∞∫−∞

x
y
w

ξ
η (x

,y
)d

x
d
y

(1.16)

–
C

ovarian
ce

-
th

e
m

om
en

t
w

ith
resp

ect
to

th
e

m
ean

of
ord

er
(1,1):

K
ξ
η

=
M

(1
,1

)
ξ
η

=
(ξ−

ξ)(η−
η
)

=

∞∫−∞

∞∫−∞

(x−
ξ)(y−

η
)w

ξ
η (x

,y
)d

x
d
y

(1.17)

T
w

o
ran

d
om

variab
les

are
d
ecorrelated

if
th

eir
covarian

ce
is

zero:

K
ξ
η

=
R

ξ
η −

ξη
=

ξη−
ξη

(1.18)

If
in

d
ep

en
d
en

ce
is

b
ased

on
a

relation
sh

ip
b
etw

een
P

D
F
s,

th
e

u
n
correlation

is
given

b
y

a
sim

ilar
relation

sh
ip

b
u
t

b
ased

on
m

ean
s,

so
it

is
less

restric-
tive.

If
tw

o
ran

d
om

variab
les

are
correlated

w
ith

each
oth

er,
th

en
th

ere
is

a
lin

ear
con

n
ection

b
etw

een
th

em
.

T
h
e

con
n
ection

b
etw

een
in

d
ep

en
d
en

ce
an

d
u
n
correlation

is:

–
T

w
o

in
d
e
p
e
n
d
e
n
t

ran
d
om

variab
les

are
u
n
co

rre
la

te
d

–
If

tw
o

R
V

are
d
e
p
e
n
d
e
n
t,

on
e

m
ay

con
clu

d
e

n
oth

in
g

ab
ou

t
th

eir
co

r-
re

la
tio

n
.

–
If

th
e

tw
o

R
V

are
u
n
co

rre
la

te
d

on
e

m
ay

con
clu

d
e

n
oth

in
g

ab
ou

t
th

eir
in

d
e
p
e
n
d
e
n
ce

T
h
ese

ru
les

are
an

ex
cep

tion
:

G
au

ssian
ran

d
om

variab
les:

an
u
n
correlated

p
air

is
also

in
d
ep

en
d
en

t.

A
s

th
e

fi
rst

ord
er

p
d
f

w
as

ap
p
rox

im
ated

b
y

th
e

h
istogram

,
on

e
m

ay
con

stru
ct

an
estim

ate
of

th
e

secon
d

ord
er

P
D

F
.
T

h
e

p
ro

cess
is

sim
ilar,

on
ly

th
at

th
e

d
efi

n
ed

in
tervals

on
a

lin
ear

su
p
p
ort

for
th

e
h
istogram

are
rep

laced
b
y

rectan
gu

lar
in

tervals
(d

efi
n
ed

on
a

su
p
p
ort

p
lan

).
T

h
e

resu
lt

is
in

th
e

form
of

a
m

atrix
.

T
h
is

m
atrix

is
called

m
atrix

co-o
ccu

rren
ce.

3

1.2.
R

egression
lin

e

1
.2

R
e
g
re

ssio
n

lin
e

A
ccord

in
g

to
d
iction

ary,
on

e
of

th
e

m
ean

in
gs

of
’regression

’
is

’th
e

act
of

goin
g

b
ack

to
a

p
rev

iou
s

p
lace

or
state’.

In
m

ath
em

atics
a

regression
is

a
tech

n
iq

u
e

for
rep

lacem
en

t
of

a
p
oin

t
w

ith
a

p
aram

eterized
geom

etric
sh

ap
e.

T
h
e

clou
d

of
p
oin

ts
is

h
ard

to
b
e

d
escrib

ed
an

d
th

u
s

it
is

su
b
stitu

ted
b
y

a
form

ch
aracterized

b
y

som
e

p
aram

eters
of

geom
etrical

sh
ap

es.
T

h
is

form
can

b
e

a
lin

e,
a

cu
rve

(given
b
y

a
p
oly

n
om

ial
or

b
y

an
arb

itrary
fu

n
ction

),
a

circle
etc.

W
h
at

is
th

e
p
ro

ced
u
re

for
ob

tain
in

g
p
op

u
lar

form
?

T
h
e

p
ro

ced
u
re

to
fi
n
d

th
e

p
aram

eters
is

th
e

follow
in

g:
th

e
sh

ap
e

is
d
efi

n
ed

b
y

a
set

of
p
aram

eters
1.

W
e

are
lo

ok
in

g
for

th
at

set
of

p
aram

eter
valu

es
th

at
m

in
im

ize
th

e
su

m
of

sq
u
are

d
istan

ces
from

each
p
oin

t
of

th
e

origin
al

set
to

th
e

regressed
set

of
p
oin

ts
T

h
e

regression
lin

e
of

th
e

resu
lts

of
a

p
air

of
ran

d
om

variab
les

allow
s

th
e

stu
d
y

of
th

eir
correlation

.
W

h
y
?

T
h
e

grap
h
ical

rep
resen

tation
of

a
clou

d
of

p
oin

ts
of

a
stron

gly
correlated

ran
d
om

variab
les

is
resem

b
lan

ce
a

lin
e

(i.e.
th

e
regression

lin
e).

O
u
r
p
rob

lem
is

to
d
eterm

in
e

th
e

slop
e

(a
)
an

d
off

set
(b)

of
th

e
lin

e
th

at
m

in
im

izes
th

e
d
istan

ce
from

it
to

a
set

of
given

p
oin

ts.
In

th
is

case,
th

e
set

of
p
oin

ts
to

th
e

p
articu

lar
em

b
o
d
im

en
t

con
sists

of
a

p
air

of
ran

d
om

variab
les.

T
h
is

p
rob

lem
can

b
e

solved
b
y

ex
h
au

stive
search

or
an

aly
tically.

S
p
ecifi

cally,
th

e
p
oin

t
set

is
(x

i ,y
i ),i

=
1,...N

,
w

h
ere

x
i

are
N

realization
s

of
th

e
ξ

ran
d
om

variab
le

an
d

y
i
of

th
e

η
variab

le.
T

h
e

an
aly

tical
solu

tion
is

fou
n
d

b
y

m
in

im
izin

g
th

e
m

ean
sq

u
are

error:

ε
=

1N

N
∑i=

1

(y
i −

a
x

i −
b)

2
=

1N

N
∑i=

1

(y
2i
+

a
2x

i 2
+
b
2−

2a
x

i y
i −

2by
i
+

2a
bx

i )
(1.19)

If
w

e
eq

u
al

th
e

tw
o

p
artial

d
erivatives

of
th

e
error

w
ith

zero,
w

e
ob

tain
:

∂
ε

∂
a

=
1N

N
∑i=

1

2a
x

2i −
1N

N
∑i=

1

2x
i y

i −
1N

N
∑i=

1

2bx
i
=

0

an
d

resp
ectively

:

∂
ε

∂
b

=
1N

N
∑i=

1

2b−
2N

N
∑i=

1

y
i
+

2N

N
∑i=

1

x
i
=

0

D
acaW

e
d
en

ote:

1For
exam

ple,
a

circle
is

defined
by

three
param

eters:
the

coordinates
center

(the
abscissa

and
ordinate)

and
the

radius.
A

polynom
ial

curve
from

a
function

of
degree

2
has

three
param

eters:
the

coeffi
cients

of
degree

2,
1

and
0

4



1.2.
R

egression
lin

e

S
X

=
N

∑i=
1

x
i

S
Y

=
N

∑i=
1

y
i

S
X

X
=

N
∑i=

1

x
2i

S
Y

Y
=

N
∑i=

1

y
2i

S
X

Y
=

N
∑i=

1

x
i y

i

(1.20)

T
h
e

sy
stem

of
p
artial

eq
u
ation

is:

{
a
S

X
X

+
bS

X
=

S
X

Y

a
S

X
+

bN
=

S
Y

B
y

solv
in

g
th

is
sy

stem
,
on

e
fi
ll

d
eterm

in
e

th
e

p
aram

eters
of

th
e

regression
lin

e:

a
=

N
S

X
Y −

S
X

S
Y

N
S

X
X
−

S
X

S
X

b
=

S
Y −

a
S

X

N

(1.21)

A
con

seq
u
en

ce
of

th
is

w
ay

of
d
efi

n
in

g
th

e
regression

lin
e

is
th

at
it

w
ill

p
ass

th
rou

gh
th

e
cen

ter
of

th
e

p
oin

t
clou

d
.

If
on

e
con

sid
ers

tw
o

ran
d
om

variab
les

of
m

ean
0,

th
en

th
e

p
oin

t
clou

d
w

ill
b
e

cen
tered

arou
n
d

th
e

origin
an

d
th

e
off

set
of

th
e

regression
w

ill
also

b
e

void
.

T
h
u
s

on
ly

th
e

slop
e

of
th

e
regression

is
to

b
e

fou
n
d
.

A
q
u
ick

an
aly

sis
of

th
e

valu
es

calcu
lated

in
relation

ref
E

q
:

R
egrP

aram
reveal

th
eir

statistical
sign

ifi
can

ce:
S

X
an

d
S

Y
are

p
rop

ortion
al

to
th

e
m

ean
of

th
e

tw
o

ran
d
om

variab
les,

S
X

X
an

d
S

Y
Y

w
ith

m
ean

of
sq

u
are,

an
d

S
X

Y
w

ith
th

eir
correla-

tion
.

T
h
e

p
rop

ortion
ality

con
stan

t
is

N
,

th
e

n
u
m

b
er

of
realization

s.
In

th
is

slop
e

can
b
e

rew
ritten

accord
in

g
to

statistical
m

easu
rem

en
ts

:

a
=

K
ξ
η

σ
2ξ

W
e

recall
th

at
th

e
d
egree

of
correlation

of
tw

o
ran

d
om

variab
les

is
given

b
y

th
e

correlation
co

effi
cien

t:

ρ
ξ
η

=
K

ξ
η

σ
2ξ σ

2η

(1.22)

O
n
e

m
ay

sh
ow

th
at

th
e

correlation
co

effi
cien

t
h
as

th
e

ab
solu

te
valu

e
su

b
-u

n
itary

|ρ
ξ
η |≤

1.
A

correlation
co

effi
cien

t
of

1
m

ean
s
a

p
erfect

correlation
m

o
d
e.

T
h
e

d
egree

of
correlation

is
given

b
y

th
e

ap
p
rox

im
ation

error
of

a
p
oin

t
clou

d
righ

t
2.

T
h
is

is
d
on

e
b
y

rep
lacin

g
th

e
relation

sh
ip

1.19
valu

es
calcu

lated
for

th
e

tw
o

p
aram

eters:

2T
ypically,the

sequence
ofoperations

requires
first

the
calculation

ofregression
param

eters
and

then
to

define
the

correlation
coeffi

cient
as

a
m

easure
of

the
approxim

ation
error
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e

ε
m

in
=

N
S

Y
Y −

S
Y
S

Y

N
S

X
X
−

S
X

S
X

−
(N

S
X

Y −
S

X
S

Y
)
2

(N
S

X
X
−

S
X

S
X

)
2

≈
σ
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=
σ

2η (1−
ρ

2ξ
η )

G
iven

a
set

of
p
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T
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th
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rob

ab
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ran
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om
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T
h
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b
y
:

w
ξ
η (x

,y
)

=
1

2π
σ

ξ σ
η √

1−
ρ

ξ
η ·

ex
p [−

1

2(1−
ρ

ξ
η ) (

(x−
μ

ξ )
2

2σ
2ξ

−
2ρ

ξ
η
(x−

μ
ξ )(y−

μ
η )

σ
ξ σ

η

+
(y−

μ
η )

2

2σ
2η

)]

T
h
e

grap
h
ical

rep
resen

tation
of

th
e

2-n
d

ord
er

P
D

F
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variou
s

valu
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of
th

e
tw

o
m

ean
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d
isp

ersion
an

d
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effi

cien
t
m

u
st

b
e

d
on
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T

h
en

calcu
late

an
d

p
lot
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e

m
argin

al
d
istrib

u
tion

s.

C
o
d
e
.

x
=
-
5
0
:
5
0
;

y
=
-
5
0
:
5
0
;

m
x
=
0
;
m
y
=
0
;

s
x
=
5
;
s
y
=
6
;

r
x
y
=
0
.
2
;

c
o
n
s
t
1
=
1
/
(
2
*
p
i
*
s
x
*
s
y
*
s
q
r
t
(
1
-
r
x
y
)
)
;

c
o
n
s
t
2
=
1
/
(
2
*
(
1
-
r
x
y
)
)
;

s
x
2
=
2
*
s
x
^
2
;

s
y
2
=
2
*
s
y
^
2
;

r
s
x
s
y
=
2
*
r
x
y
/
(
s
x
*
s
y
)
;

f
o
r

i
=
1
:
l
e
n
g
t
h
(
x
)

f
o
r

j
=
1
:
l
e
n
g
t
h
(
y
)

%
c
o
m
p
u
t
e

t
h
e

j
o
i
n
t

p
d
f

w
(
i
,
j
)
=
c
o
n
s
t
1
*
e
x
p
(
-
c
o
n
s
t
2
*
.
.
.
.

(
(
x
(
i
)
-
m
x
)
^
2
/
s
x
2
-
r
s
x
s
y
*
(
x
(
i
)
-
m
x
)
*
(
y
(
j
)
-
m
y
)
+
(
y
(
j
)
-
m
y
)
^
2
/
s
y
2
)
)
;

e
n
d

e
n
d
%

c
o
m
p
u
t
e
t
h
e

m
a
r
g
i
n
a
l
s

w
x
=
s
u
m
(
w
)
;

w
y
=
s
u
m
(
w
´
)
;

%
p
l
o
t

t
h
e

j
o
i
n
t

p
d
f

f
i
g
u
r
e
(
1
)
;
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e
s
h
(
x
,
y
,
w
)
;

%
p
l
o
t

t
h
e

m
a
r
g
i
n
a
l
s

f
i
g
u
r
e
(
2
)
;

s
u
b
p
l
o
t
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1
,
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,
1
)
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p
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o
t
(
x
,
w
x
)
;

s
u
b
p
l
o
t
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1
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,
2
)
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p
l
o
t
(
y
,
w
y
)
;
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e

p
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le
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lt
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b
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ab
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d
en
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rox
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ord
er

2).
C

om
p
are

w
ith

th
e

resu
lts
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th

e
p
rev

iou
s

section
.

S
o
lu

tio
n
:

W
e

recall
th

at
for

G
au

ssian
ran

d
om

variab
les

(an
d

on
ly

for
th

em
)

d
e-correlation

im
p
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in
d
ep

en
d
en

ce.
T

h
e

co
d
e

is:

x
=
r
a
n
d
n
(
1
,
4
0
0
)
;
%
4
0
0
d
e

n
u
m
b
e
r

f
r
o
m

a
g
a
u
s
s
i
a
n
w
i
t
h

0
m
e
a
n

a
n
d

1
v
a
r
i
a
n
c
e
.

y
=
-
2
+
2
*
r
a
n
d
n
(
1
,
4
0
0
)
;
%
m
e
a
n
-
2

a
n
d

v
a
r
i
a
n
c
e
4

%
c
o
-
o
c
c
u
r
r
e
n
c
e
m
a
t
r
i
x

i
n

1
1
x
1
1

p
o
i
n
t
s

m
x
=
m
i
n
(
x
)
;
M
x
=
m
a
x
(
x
)
;

m
y
=
m
i
n
(
x
)
;
M
y
=
m
a
x
(
y
)
;

a
b
s
x
=
m
x
:
(
M
x
-
m
x
)
/
1
0
:
M
x
;

a
b
s
y
=
m
y
:
(
M
y
-
m
y
)
/
1
0
:
M
y
;

f
o
r

i
=
1
:
1
0

f
o
r

j
=
1
:
1
0

M
(
i
,
j
)
=
s
u
m
(
(
x
<
a
b
s
x
(
i
+
1
)
&
x
>
=
a
b
s
x
(
i
)
)
&
(
y
<
a
b
s
y
(
j
+
1
)
&
y
>
=
a
b
s
y
(
j
)
)
)
;

e
n
d
;

e
n
d
;

f
i
g
u
r
e
;
s
u
r
f
(
a
b
s
x
(
1
:
e
n
d
-
1
)
,
a
b
s
y
(
1
:
e
n
d
-
1
)
,
M
)
;
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am
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=
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oin
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in
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ep
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en
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erate
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fi
rst
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of

th
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secon
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ed
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C
o
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e
.

N
=
2
0
0
;

x
=
r
a
n
d
(
1
,
N
)
;
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y
=
r
a
n
d
(
1
,
N
)
;

p
l
o
t
(
x
,
y
,
´
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´
)
;

S
x
=
s
u
m
(
x
)
;

S
y
=
s
u
m
(
y
)
;

S
x
x
=
s
u
m
(
x
.
*
x
)
;

S
y
y
=
s
u
m
(
y
.
*
y
)
;

S
x
y
=
s
u
m
(
x
.
*
y
)
;

%
r
e
g
r
e
s
s
i
o
n
l
i
n
e

s
l
o
p
e

a
=
(
N
*
S
x
y
-
S
x
*
S
y
)
/
(
N
*
S
x
x
-
S
x
*
S
x
)
;

b
=
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S
y
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x
)
/
N
;
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t
h
e

l
i
n
e

p
o
i
n
t
s

x
d
=
s
o
r
t
(
x
)
;
y
d
=
a
*
x
d
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;

%
p
l
o
t

t
h
e

l
i
n
e

h
o
l
d

o
n
;

p
l
o
t
(
x
d
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y
d
,
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r
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)
;
%
a
p
p
r
o
x
i
m
a
t
i
o
n
e
r
r
o
r

c
o
r
c
o
e
f
=
(
N
*
S
x
y
-
S
x
*
S
y
)
/
(
(
N
*
S
x
x
-
S
x
*
S
x
)
*
(
N
*
S
y
y
-
S
y
*
S
y
)
)
)
;

e
=
(
(
N
*
S
y
y
-
S
y
*
S
y
)
/
(
N
*
S
x
x
-
S
x
*
S
x
)
)
-
a
^
2
;

f
p
r
i
n
t
f
(
´
c
o
r
r
e
l
a
t
i
o
n
c
o
e
f
f
i
c
i
e
n
t
i
s

=
%
d
´
,
c
o
r
c
o
e
f
)
;

f
p
r
i
n
t
f
(
´
e
r
r
o
r
i
s
=

%
d
´
,
e
)
;
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n
e
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y
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error:
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b
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ach
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an
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b
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N
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oin
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i )
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.
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ow
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oin
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p
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in
e,

in
each

case,
th
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b
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load
com

m
an

d
.

save
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